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Abstract

This pap er is an at ypical exercice in lazy functional co ding, written

for fun and instruction. It can b e read and understo o d b y an yb o dy

who understands the programming language Hask ell . W e sho w ho w to

implemen t the Bailey-Borw ein-Plou�e form ula for � in a co-recursiv e,

incremen tal w a y whic h pro duces the digits 3, 1, 4, 1, 5, 9. . . un til the

memory exhaustion. This is not a w a y to pro ceed if someb o dy needs

man y digits! Our co ding strategy is p erv erse and dangerous, and it

pr ovably breaks do wn. It is based on the arithmetics o v er the domain

of in�nite sequences of digits represen ting prop er fractions expanded

in an in teger base. W e sho w ho w to manipulate: add, m ultiply b y an

in teger, etc. suc h sequences from the left to the righ t ad in�nitum ,

whic h ob viously cannot w ork in all cases b ecause of am biguities. Some

deep philosophical consequences are discussed in the conclusions.

1 In tro duction

W e all kno w that the w orld o ceans are saturated b y algorithms to compute

� . These algorithms ha v e accum ulated o v er cen turies, and it is di�cult to

b ecome famous b y just computing another billion digits of this transcenden tal

n um b er, despite the fact that the Humanit y badly needs those digits. The

reader will �nd almost all the relev an t and irrelev an t information ab out � on

the W eb: [1]. Wh y almost? Because the topic is so vital that man y p eople

still w ork hard on it, da y and nigh t. The glorious times of William Shanks,

who computed man y digits of � b y hand in 1853 (and sp en t ten y ears on

�nding erroneous digits whic h follo w ed a mistak e in�ltrated someho w in to the

sequence. . . ) are not o v er. Last y ear F abrice Bellard [2] found the billion th
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(europ ean, 10

12

) binary digit of � emplo ying a mo di�ed Bailey-Borw ein-

Plou�e form ula [3], accelerated b y him b y the whole 43%, and the w orld did

not freeze in astonishmen t.

Seriously , the pleasure of searc hing is m uc h more imp ortan t than the

result itself, and the future b elongs p erhaps to those who will in v en t the

most un usual, baro que and exp ensiv e w a ys to compute � or other magic

n um b ers. P erhaps new exp erimen tal metho ds? The b o ok [4] quotes the

exp erimen t (published on Usenet lists) of Da v e Boll, who analyzed the struc-

ture of �lamen ts on the b order of the Mandelbrot fractal set (the \bug") at

c = � 0 : 75 + �i , and found that the n um b er of iterations needed to lea v e the

\nec k" is equal to � =

p

� , whic h generated suc h n um b ers as 3141592 when

� w as an ev en p o w er of 10

� 1

. The folklore of � con tin ues. But the BBP

form ula itself is really remark able b oth from the theoretical p oin t of view,

and for ev en tual applications. It is based on some sp ecial iden tities ful�lled

b y certain p olylogarithmic functions [3]. The authors are kno wn sp ecialists

in constructiv e mathematics. Their form ula is a dev elopmen t in p o w ers of

1/16:
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: (1)

Eac h co e�cien t is rational, and its con tribution for the distan t digits ma y

b e estimated. It is p ossible th us to compute any hexadecimal (or binary)

digit of � without in�nite-precision arithmetic, nor large amoun t of memory ,

b ecause previous digits are not needed. Of course, con v erting the result in to

decimal is another story . No w the en tire sequence of digits is in v olv ed.

Our am bition do es not go in to the direction of computing new digits of � .

W e w an t just to sho w on an am using example that the lazy seman tics pro vides

some new c o ding te chniques , whic h migh t b e useful, at least p edagogically ,

and for the bra v e p eople in the domain of scien ti�c computing. In a sense

this pap er is a conceptual con tin uation of [5]. The authors of [3] used the

standard 
oating-p oin t arithmetic to construct the n umerical result. Our

co ding is purely in teger, and it ma y b e co ded ev en using standard short

Ints , but then one has to b e v ery careful.

2 Lazy Arithmetic of In�nite F ractions

Ev eryb o dy agrees that represen ting 2/7 b y 0.285714285714. . . is the w orst

p ossible solution for practical computations. It m ust b e truncated, and all

n umerical manipulations of 
oating-p oin t n um b ers in tro duce errors. If the

man tissa is long, the errors are smaller, but the computation tak es longer.

All truncation is a wkw ard an yw a y , in all computations as in real life. W e
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prop ose th us to represen t suc h fraction as ab o v e b y a lazy in�nite list, for

example:

twosevenths=0 : cycle [2,8,5,7,1,4]

This is just a particular case. Ev en simpler is the \lifting" of zero: sZero

= repeat 0 . W e shall k eep the en tire part of the n um b er as the �rst digit

of the list without expanding it further, and w e can generate other n um b ers

b y appropriate lazy algorithms. Cho osing an in teger base (10 for testing,

and 16 for our �nal BBP computation), w e can easily con v ert an y rational

fraction in to our domain b y the standard Euclidean c hain:

fcn n d = let (a,b)=quotRem n d in a : fcn (base*b) d

whic h has nothing un usual, it is a p erfectly legitimate co-recursiv e pro cedure,

guaran teed to progress, and its incremen tal consumption is absolutely sane

and safe, see [6]. The call fcn 5 3 generates the list [1 ; 6 ; 6 ; 6 ; : : : ]. But

can w e do something with suc h fractions? Adding elemen t b y elemen t the

expansions of 2/7 and 5/7=0.71428571. . . giv es 0.9999999. . . whic h is the

most silly w a y to represen t 1, but it co exists with 1.000. . . as a di�eren t

piece of data.

Ho w ev er, if w e a v oid suc h cases, i.e. if w e admit that our arithmetic is

inheren tly sic k and incomplete (lik e standard 
oating-p oin t arithmetic for a

T rue Mathematician), w e ma y construct the addition of these in�nite frac-

tions. The carry propagation is resolv ed b y lo ok ahead, and the main tric k

consists in com bining the lazy and strict recursion. First w e add ev erything

elemen t-wise, and then w e propagate the carry from the unkno wn future b y

almost trivial, deterministic guessing. This propagation breaks do wn, and

forces another lev el of strict recursion when w e encoun ter the digit 9 ( base-1

in general case).

u <+> v = let (w0:wq)=zipWith (+) u v in cpr w0 wq where

cpr u0 (u1:uq)| u1<base1 = u0 : cpr u1 uq

| u1>base1 = (u0+1) : cpr (u1-base) uq

| otherwise = let v@(v0:vq)=cpr u1 uq in

if v0<base then u0:v else (u0+1):(v0-base):vq

The subtraction is straigh tforw ard, in order to negate a n um b er w e p ermit

the 0-th elemen t to b e negativ e, and the fractional part is 9-complemen ted

neg (u0:uq) = (negate u0 - 1) : map (base1 -) uq
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Of course it is b etter not to try to subtract a n um b er from itself, as this

particular w a y of computing zero is quite exp ensiv e, it generates b ottom : � 1 +

0 : 9999 : : : . W e don't discuss further the manipulation of negativ e n um b ers.

F or example their division b y something ma y b e p erformed b y negating it,

dividing, and negating again.

W e migh t need the m ultiplication and the division of an expanded n um b er

b y a digit m . The division (u >/ m) is simpler, and it is co-recursiv ely sane.

u@(u0:_) >/ m = dvd 0 u where

dvd c (u0:uq) = let (n,r) = quotRem (base*c+u0) m

in n : dvd r uq

The m ultiplication (m *> u) is again a horr endum . Multiplying 1/3 b y 3

will not w ork, and if w e w an t to b e able to compute 5 � 1 = 3, it is b etter to

a v oid the construction of the m ultiplication as the iterated addition. The

m ultiplication pro cedure is the longest piece of our co de:

0 *> u = sZero

1 *> u = u

m *> u@(u0:u1:uq) =

let (c,r)=quotRem (m*(u0*base+u1)) base

cm c r (v0:vq) =

let (a,b)=quotRem (m*v0) base; p=a+r

in if p<base1 then c : cm p b vq else

if p>base1 then (c+1) : cm (p-base) b vq

else let w@(w0:wq) = cm p b vq

in if w0<base then c : w else (c+1) : 0 : wq

in cm c r uq

Again, w e construct a ten tativ e digit, summing the con tribution of t w o neigh-

b ouring digits of the fraction u , and an ev en tual correction from the unkno wn

future ma y consist only in adding 1. This is safe if the concerned digit is

di�eren t from base-1 , b ecause in this case the pr evious digit is frozen. No w

w e can con v ert the expanded fractions from one base to another, and this is

our main con tribution to the BBP algorithm, admittedly neither to o original

nor lab orious. Here it is, the old base is the global base , and the new one is

passed as the second parameter.

bconv (u0:uq) nBase = u0 : bconv (nBase *> (0:uq)) nBase

This con v ersion from the base 16 in to 10 will fail if the n um b er of consecutiv e

\9" is bigger than the size of the computer recursiv e stac k. Of course � m ust

include suc h sequence, and our algorithm must break do wn, but it migh t also
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die earlier and happier, b ecause of the accum ulation of lazy th unks within

the main heap. (This did not happ en in our exp erimen ts, w e tried to a v oid

spurious memory leaks in forming the lazy fractions.)

3 The Main Computation

W e ma y implemen t no w the form ula (1). W e can either sum the rational

fractions and con v ert the sum in to our lazy expansion:

frm i = let j=8*i

(a :% b)=4%(j+1)-2%(j+4)-1%(j+ 5)-1 %(j+ 6)

in fcn a b

or sum the four expansions separately . Both metho ds ha v e their adv an-

tages. The �rst one pro duces less lazy lists in the storage, but needs the

long Integer n um b ers, the Int datat yp e on some platforms (for example

the Hugs 1.4 implemen tation unders Windo ws NT) fails, b ecause the ratio-

nal sum ab o v e creates quic kly v ery v oluminous rationals. The second one is

slo w er, but safer from this p oin t of view. Ho w ev er, here the user should treat

separately the 0-th term, otherwise the program will immediately squeak

and die, pro ducing b ottom b y subtraction 4 � 1 = 2. This is relativ ely easy to

correct, but w e shall not insist up on it.

And that is almost all, but ho w do w e compute the in�nite sum in (1)?

In fact this is a shifte d sum: U

(0)

+ U

(1)

=B + U

(2)

=B

2

+ � � � where B is the

base (16). W e construct �rst a list of terms: [ U

(0)

; U

(1)

; U

(2)

; U

(3)

; : : : ], where

eac h term U

( k )

represen ts the co e�cien t in the BBP form ula. The addition

f + g =B + X=B

2

is \almost" easy , it �rst digit needs only the �rst digit of f ,

and ev en tually the carry propagated from g , if its �rst digit is to o big. W e

exploit the same lo ok-ahead tric k already seen in normal addition, and w e

co de

pi16 = ssum (map frm [0 ..]) where

ssum (u@(u0:u1:uq) : v@(v0:_) : r) =

if u1+v0<base1 then u0 : ssum ((u1:uq)<+>v : r)

else let s = ssum (v:r) in u <+> (0:s)

ourpi=bconv pi16 10

And no w, un b eliev able, but true, it su�ces to t yp e ourpi , and to start

writing this article. Before it is �nished w e get on the screen
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[31415926535897932384626 433 8327 9502 8841 971 6939 9375 1058 209 749

445923078164062862089986 280 3482 5342 1170 679 8214 8086 5132 823 066

470938446095505822317253 594 0812 8481 1174 502 8410 2701 9385 211 055

596446229489549303819644 288 1097 5665 9334 461 2847 5648 2337 867 831

652712019091456485669234 603 4861 0454 3266 482 1339 3607 2602 491 412

737245870066063155881748 815 2092 0962 8292 540 9171 5364 3678 925 903

600113305305488204665213 841 4695 1941 5116 094 3305 7270 3657 595 919

530921861173819326117931 051 1854 8074 4623 799 6274 9567 3518 857 527

248912279381830119491298 336 7336 2440 6566 430 8602 1394 9463 952 247

371907021798609437027705 392 1717 6293 1767 523 8467 4818 4676 694 051

320005681271452635608277 857 7134 2757 7896 091 7363 7178 7214 684 409

012249534301465495853710 507 9227 9689 2589 235 4201 9956 1121 290 219

608640344181598136297747 713 0996 0518 7072 113 4999 9998 3729 780 499

510597317328160963185950 244 5945 5346 9083 026 4252 2308 2533 446 850

352619311881710100031378 387 5288 6587 5332 083 8142 0617 1776 691 473

035982534904287554687311 595 6286 3882 3537 875 9375 1957 7818 577 805

321712268066130019278766 111 9590 9216 4201 989 3809 5257 2010 654 858

632788659361533818279682 303 0195 2035 3018 529 6899 5773 6225 994 138

912497217752834791315155 748 5724 2454 1506 959 5082 9533 1168 617 278

558890750983817546374649 393 1925 5060 4009 277 0167 1139 0098 488 240

128583616035637076601047 101 8194 2955 5961 989 4676 7837 44.. . ]

where w e ha v e reformatted a little the output, whic h w as actually longer,

in fact we ga v e up after ha ving generated 1800 digits. W e ha v e c hec k ed the

result, whic h w as almost redundan t, as the program is so trivial that w e

had no c hance to commit an error, but a similar computation in the past

disco v ered an error in one rational n um b er pac k age. . .

4 Conclusions

Our main conclusion is that the program w orks, although it needn't to, and

after a �nite n um b er of steps it will fail. In fact, this is the only suc h program

whic h w orks without kno wing ho w man y digits it should generate, if at all.

In suc h a w a y w e pro v e that w e ha v e done a serious w ork. A mathematically-

orien ted reader whose priv ate de�nition of the w ord \serious" is di�eren t from

ours, ma y reject our tec hnique, and our only defense is that this tec hnique is

not ours. . . All the �nancial aid demanded b y the go v ernmen ts of the Third

W orld is based on the principle of b orro wing money without any guaran tee

to pa y it bac k one da y . In practice this w orks, b ecause the bank bu�ers of

the ric h coun tries are v oluminous enough. The v ery idea of a bank credit is a

lazy co-recursiv e (runa w a y) algorithm, and the true Game consists in running
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a w a y b efore the b ottom reac hes y ou. The so cial securit y dep enses in sev eral

europ ean coun tries op erate on non-existing funds whic h will (hop efully) un-

virtualize themselv es thanks to the w ork of future generations. Y es, the

econom y is a non-strict science. So, wh y should w e hesitate to b orro w a

carry from the \future" digits? A t least this is our free c hoice, while pa ying

taxes is not.

The idea migh t b e m uc h more fundamen tal than that. F rom the relativis-

tic cosmology w e kno w that the negativ e gra vitational energy almost en tirely

comp ensates the energy stored in the matter. Th us, apparen tly the Big Bang

is based on a lazy quan tum algorithm, b orro wing energy from the dynamic of

the future unrolling Univ erse in order to construct it, and comp ensating the

budget b y the gra vitational tension. The Almigh t y ob viously preferred the

functional programming o v er the imp erativ e one, but that w e knew already

for y ears, the �rst Ligh t in the Univ erse is a let construct.

This pap er has b een written for sheer in tellectual pleasure, and it will re-

main unpublished in the Virtual Journal of Unpublished P ap ers. Publishing

ev erything mak es it imp ossible to disco v er the T ruth in the literature, and

th us it serv es the Devil. The author thanks his family for their constan t

emotional supp ort and aspirin.
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